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1 Riesz Projection and Spectra of Self-Adjoint Operators

1.1 Riesz projection

[ee]

Let T : B — B be compact and A € Spec(T)\ {0}. Then (T — (A +2)I)"! = e N Azl
for some 1 < N < oo.

Proposition 1.1 (Riesz). The operator —A_1 is a projection onto the finite dimensional
generalized eigenpace Ny = |- ker(T — DVALS

Proof. Multiply the Laurent expansion by 27~ for —N < —1 < —1, and integrate over
0D(0,7) with 0 < r < 1. We get

1 .
Aj=— (T — (AN +2)I) L2771 dz,
2mi Jap(o,r)
so we get
1
M=-A,=_—— (N +2)I —T) dz.
21 Jap(o,r)

We now claim that II is a projection. Let 0 < r; < ro < 1, and write

2wy 2mi

1 1 1
:/ / (A+2)I -T) ' —dz— dw
dD(0,r2) JOD(0,r) W — 2 2mi 23

1 1 1
—/ / (N w)I —T) ' — dz— dw
dD(0,r2) JOD(0,r) W — 2 2my 2me

Apply Cauchy’s integral formula to both terms. The second term equals 0.

1 1
I — / / (A +w) = T) (A + ) = T) "' —— dz=— duw
0D(0.2) JoD(0.11)

=1II.



Now in the Laurent expansion, multiply by 7" — (A 4 z)I on the left to get

I=(T—-XM)A_nzN + Z (T — ADA; — Aj_1)2
—N+1

which gives
(T—M)A_N=A_NT—-X)=0

0 j#0,j>N+1

T—-MNHA;, — A1 =
( )J Jj—1 {1 j=0.

So [T, A;j] =0 for all j, and
AN=(T—=M)A_ny1 =T -N)2?A_Nyg=---=(T-XDN"TA_,.

We get that (T'— A)NA_1 =0. Also, [ + A_y = (T — M) Ay, so applying (T'— X" gives
us
(T — XN = Ag(T — AN+

Thus, if (T — M)z =0, then (T — AI)Vz = 0. Tt follows that Ny = ker(T — AI)V
dim(ker(7))) < oo because T'— AI is Fredholm of index 0.

It remains to show that im(A_;) = Ny = ker((T' — AI)™). If x € Ny, then z + A_jz =
(T — M)Az = (T\I)?A1z = - = (T — M)V Ay_12 =0. So im(A_;) = N,. O

We can write B = Ny @ ker(IT). This is a T-invariant decomposition. Moreover,

(T'— )|, is nilpotent, and (T' — A )yer(iry is bijective.

1.2 Spectra of self-adjoint operators
Assume now that B = H is a complex Hilbert space.
Definition 1.1. An operator is self-adjoint if (T'z,y) = (x,Ty) for all z,y € H.

Example 1.1. Let H = L?((0,1)), and let Tu(z fo (y) dy, where K €
C([0,1] x [0,1]) is such that K(x,y) = K(y,x).

Proposition 1.2. Let T € L(H, H) be self-adjoint. Then Spec(T) C R, and the resolvent
R(z) = (T —zI)~' € L(H, H) satisfies |R(2)|lzcp,my) < 1/|Im(z)| for z € C\R.

Proof. Let z =i+ iy with y # 0, and compute
T = zD)u||® = (T — zD)u — iyu, (T — z1)u — iyu)

(T = @)ul® + i {(T = @)u, yu) — i {yu, (T — z)u) +*||u]*.
=0




We get

(T = 2)ul® = (T — z)ull + y*[[ull® = y?|[ul,
so [(T'—zI)u|| > |Im(z)|||u||, so T'—=zI is injective and im (7 —zI) is closed. So H = im(T —
2) @im(T — 2)*, where im(T — 2)* = {2 : (T — 2)y,z) = 0Vy € H} = ker(T —zI) = {0}.
So we get that T'— zI : H — H is bijective, and |[(T — 2) | g,y < 1/|Im(2)]. O

Remark 1.1. Let T' € L(H,H). Then T is uniquely determined by the function z
(Tz,z). If (T'x,z) =0 for all z, then we polarize:

(T(y+2),y+2)=0, (T(y +iz),y +iz) =0,
for all y,z € H, so
<Tyvz> + <Tzvy> = 07 <Ty7 Z> - <TZ,y> = 07

which give us (T'y,z) = 0. So T = 0. So T is self adjoint if and only if (T'z,z) € R for all
x € H.

Now let T be compact and self adjoint. Let A € Spec(T) \ {0}. Then z + (T — 2zI)~!
has a pole at z = A, and the pole is simple. We get

I
(T — ZI)_I = E + HOI(Z)
for 0 < |z — A] < 1. II\ is projection onto ker(T' — AI), and II, is self-adjoint. Indeed,
Iy = lim,_,,\(A — 2)(T — zI)~!, and if z approaches A along the real axis, then this is
self-adjoint.
Next time, we will show that

T\
(T — 2I)~' = Aj

)\j —Z
X;€Spec(T)\{0}

for Im(z) # 0.
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